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We investigate a way of imposing simplicity constraints in a holomorphic Spin Foam model
that we recently introduced. Rather than imposing the constraints on the boundary spin
network, as is usually done, one can impose the constraints directly on the Spin Foam
propagator. We find that the two approaches have the same leading asymptotic behaviour,
with differences appearing at higher order. This allows us to obtain a model that greatly
simplifies calculations, but still has Regge Calculus as its semi-classical limit.
I. INTRODUCTION
One of the big open problems of modern theoretical physics is finding a non-perturbative def-
inition of Quantum Gravity in 4 dimensions. Spin Foam models [1, 2] are an attempt at such a
definition. The basic idea behind the framework is to start with a topological field theory, known
as BF theory, which at the classical level can be constrained to a first-order formulation of General
Relativity. More precisely, starting with the action
SBF =
∫
M
B ∧ F (1)
and imposing the simplicity constraint B = ∗(e ∧ e) + 1γ e ∧ e reduces the theory to the Plebanski
action for GR [3]. At the quantum level, the idea is to start with the well-known partition function
of BF theory and impose the simplicity constraints on expectation values of states. In the spin
representation of Spin Foam models, like the EPRL-FK models [4–7], the boundary states are given
by spin networks, so the simplicity constraint is implemented on the boundary spin network of a
fundamnetal building block – a 4-simplex.
Spin Foam models have been recently rewritten in a holomorphic representation using spinors
[8–18]. The standard framework for imposing the simplicity constraints was implemented in the
holomorphic framework by Dupuis and Livine in [19], which we will refer to as the DL model. In
the Riemannian case of the gauge group SU(2)L × SU(2)R, the constraint imposes left and right
spinors to be proportional to each other on the boundary spinor network of a 4-simplex.
In a recent article [20] we have introduced a new Riemannian Spin Foam model in the holomor-
phic representation, which allowed the successful calculation of 4d Pachner moves. Rather than
imposing the constraints on the boundary spinor networks, we impose them on the Spin Foam
propagators. For the case of the 4-simplex, this effectively imposes the constraints not only on the
boundary, but also in the bulk. This choice results in a reduction of two internal strands to one
and allows to calculate the Spin Foam amplitudes much more efficiently.
Naively it is not obvious that imposing more constraints does not spoil the semi-classical limit
of the Spin Foam model. In this article we calculate the asymptotic behaviour of the amplitude of
a 4-simplex for both the DL model as well as the new model proposed in [20]. We find first that the
DL model’s asymptotics turn out to be the same as the EPRL-FK model [21–30], as was expected.
Next, we study the asymptotics of the new model and find that due to non-trivial cancellations
on-shell, it has the same 1st order behaviour, giving Regge Calculus [31]. The differences in
asymptotics between the models reside in the Hessian, the overall normalization and the higher
order terms as well as on the off-shell trajectories.
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2II. HOLOMORPHIC SPIN FOAM MODELS
In this section we will review the holomorphic Spin Foam models. We will start from a short
review of the representation of SU(2) in terms of holomorphic functions of spinors, followed by a
summary of the holomorphic simplicity constraints introduced by Dupuis and Livine in [19]. We will
finish this section by showing how the constraints can be imposed in two ways – on the boundary
spinor network, as was done in the Dupuis-Livine model [19] and on the Spin(4) projectors, as we
have introduced in [20].
A. Holomorphic representation
Let us consider the Bargmann-Fock space [32, 33] of holomorphic functions on spinor space C2
endowed with the Hermitian inner product
〈f |g〉 =
∫
C2
f(z)g(z)dµ(z) (2)
where dµ(z) = pi−2e−〈z|z〉d4z and d4z is the Lebesgue measure on C2. We use the notation
|z〉 ≡ (α, β)t, |z] ≡ (−β, α)t
and zˇ to denote the conjugate spinor |zˇ〉 ≡ |z]. For the construction of Spin Foam amplitudes, we
will be interested in the SU(2) invariant functions on n spinors
f(gz1, gz2, ..., gzn) = f(z1, z2, ..., zn) , ∀g ∈ SU(2). (3)
These invariant elements of L2(C2, dµ)⊗n form a space Hn =
⊕
ji
Hj1,...,jn of n-valent intertwiners.
One way to construct an element of Hn is to average a function of n spinors over the group using
the Haar measure. In this way we can construct a projector P : L2(C2, dµ)⊗n → Hn as
P (f)(wi) =
∫ ∏
i
dµ(zi)P (zˇi;wi)f(z1, z2, ..., zn) =
∫
SU(2)
dgf(gw1, gw2, ..., gwn), (4)
where the projection kernel in the n = 4 case is given by
P (zi;wi) =
∫
SU(2)
dg e
∑
i[zi|g|wi〉 =
[z1|
[z2|
[z3|
[z4|
|w1〉
|w2〉
|w3〉
|w4〉
(5)
and dg is the normalized Haar measure over SU(2). In [34] it was shown that the group integration
can be performed explicitly and in [20] we have shown that the projector can rewritten as
P (zi;wi) =
∑
J
(∑
i<j [zi|zj〉[wi|wj〉
)J
J !(J + 1)!
. (6)
We will also refer to the kernel P (zi;wi) as a projector. From the fact that∫ ∏
i dµ(wi)P (zi;wi)P (wˇi; z
′
i) = P (zi; z
′
i) we can construct coherent intertwiner states [35]
(wi‖ji zi〉 ≡
∫
dg
∏
i
[wi|g|zi〉2ji
(2ji)!
. (7)
Spin Foam amplitudes are usually constructed as contractions of such coherent states. Before we
construct these amplitudes, we have to discuss simplicity constraints.
3B. Simplicity Constraints
In this section we will review the idea behind simplicity constraints and their holomorphic
version [17]. The basic idea behind Spin Foam models is to take a topological field theory – BF
theory, and impose constraints to reduce it to General Relativity.
BF theory is defined on a principal bundle over a d dimensional manifold M, with a group G
and a connection ω. B is a d− 2 form in the adjoint representation of G. F (ω) = dω + ω ∧ ω is a
curvature 2 form. The action is defined as
SBF =
∫
M
tr (B ∧ F (ω)) (8)
It is a topological field theory in the sense that all the solutions of equations of motion are locally
gauge equivalent. One can prove that a bivector BIJ in R4 or M1,3 is a simple bivector if and
only if there exists a vector N I such that NIB
IJ = 0. When this condition is satisfied, BIJ is
constrained to be proportional to eI ∧ eJ or ∗(eI ∧ eJ). Using a parameter γ (the Barbero-Immirzi
parameter) to distinguish these two sectors, we obtain the Holst action for gravity
SHolst =
∫
M
tr
(
∗(e ∧ e) ∧ F (ω) + 1
γ
e ∧ e ∧ F (ω)
)
. (9)
For the Riemannian 4d Spin Foam models, we use the gauge group Spin(4) = SU(2)L×SU(2)R,
which is the double cover of SO(4). The holomorphic simplicity constraints are isomorphisms
between the two representation spaces of SU(2): for any two edges i, j which connect to the same
node a,
[zaiL|zajL〉 = ρ2[zaiR|zajR〉 (10)
where ρ is related to the Barbero-Immirzi parameter by
ρ2 =
{
(1− γ)/(1 + γ), |γ| < 1
(γ − 1)/(1 + γ), |γ| > 1. (11)
The Eq.(10) can be only satisfied if there exists a unique SL(2,C) group element ga for each
node a, such that
∀i, ga|zaiL〉 = ρ |zaiR〉. (12)
It is interesting to notice that ga can be expressed purely in terms of left and right spinors as
ga =
|zaiR〉〈zaiL|+ |zaiR][zaiL|√〈zaiL|zaiL〉〈zaiR|zaiR〉 , ∀i ∈ a (13)
The holomorphic simplicity constraints imply the geometrical simplicity only when ga ∈ SU(2).
This happens only when the closure constraints are satisfied, which in the holomorphic represen-
tation are imposed in the semi-classical limit, see [17].
Geometrically, each spinor defines a three vector ~V (z) ∈ R3 through the equation,
|z〉〈z| = 1
2
(
1〈z|z〉+ ~V (z) · ~σ
)
, |z][z| = 1
2
(
1[z|z]− ~V (z) · ~σ
)
. (14)
Thus around a node in a spin-network, each link (dual to a triangle in the simplicial manifold) is
associated with two 3-vectors ~VL(z) and ~VR(z) given by the left and right spinors. These vectors
correspond to the selfdual b+ and anti-selfdual b− components of the B field respectively :
V iL(z) = b
i
+ := B
0i +
1
2
iklB
kl, V iR(z) = b
i
− := −B0i +
1
2
iklB
kl, (15)
4At the level of the vectors ~VL(z) and ~VR(z) the holomorphic simplicity constraints imply now
ga . ~VL(z
a
i ) = ρ
2~VR(z
a
i ), ∀i ∈ a (16)
which leads to the constraint that the norms of the selfdual and anti-selfdual components of the
bivector (ga,1) . (B + γ ∗B) have to be equal to each other:
|(1 + γ)ga . b+| = |(1− γ) . b−|. (17)
Thus the B field is a simple bivector, and for the node a there exists a common time norm to
all the bivectors:
Na = (ga,1)−1 . (1, 0, 0, 0). (18)
This implies now that B = ∗(e ∧ e) + 1γ e ∧ e should be satisfied in the semi-classical limit.
C. Imposing constraints
We will now impose the holomorphic simplicity constraints on the Spin(4) BF theory in order
to obtain a model of 4d Euclidean quantum gravity. In the EPRL model the simplicity constraints
jl = ρ
2jr (19)
are imposed on the intertwiners as an operator equation, providing a map from Spin(4) to SU(2),
which can be graphically denoted as
Spin(4) SU(2)
jL
1
jL
4
jR
1
jR
4
jL
1
jR
4=g1+ 1-g
i
(      ) (     )
(20)
In the FK model [4] it was shown however, that instead of working with the intertwiners, one
can work with coherent states whose norm is an area of the faces of a tetrahedron. The Eq.(19) is
satisfied by working with states |j, ~n; ρ2j, ~n′〉 whose spin labels solve the constraints. Note however,
that this approach to writing the coherent path integral doubles the number of variables, as one has
to deal with independent vectors ~n and ~n′. In [36] Conrady and Freidel extended the construction
into fully geomterical coherent states by using the work of Guillemin and Sternberg [37], which
states that, for compact groups, “quantization commutes with reduction”.
Here we will discuss two natural ways of imposing the holomorphic simplicity constraints. The
first one is to impose the contraints on the boundary spinor network defined by contraction of
coherent states as done by Dupuis and Livine in [19], to which we will refer to as the DL model.
This corresponds to the following gluing of 4-simplices
|w
|w4
1
|ziL,R
L,R
Spin(4) SU(2)
(21)
with two copies of spinors |wL〉 and |wR〉 on the inside of a 4-simplex and one copy satisfying
[ziL|zjL〉 = ρ2[ziR|zjR〉 on its boundary. In this way, DL model constitutes a weakening of the
5simplicity constraints, making all the constraints imposed coherently. This imposition of constraints
is dual to the FK one, as off-shell we have independent spins jL and jR, but only one copy of spinors
|z〉. There are still however two independent copies of spinors |wL〉 and |wR〉.
The other way of imposing the holomorphic simplicity constraints inspired by the Guillemin-
Sternberg result is to impose the constraints on all the labels of the coherent states (7), or effectively
on the Spin(4) projector. This approach satisfactorily reduces the two copies of spinors to a single
copy and gives the model we have recently introduced in [20]. Graphically this corresponds to
|w
|w4
1
|zi
SU(2)SU(2)
(22)
with both |zL〉 = ρ|zR〉 for the boundary spinors and |wL〉 = ρ|wR〉 for the interior ones. In this
way we obtain a model without the doubling of variables that the previous models exhibited, which
in practice allows for much simpler calculations.
In this section we will give more details on these two alternatives before going on to show that
indeed the two methods result in the same semi-classical limit.
1. DL model
In [17, 19] the simplicity constraints in the DL model are imposed on the boundary spinor
network state, as is usually done in EPRL-FK models written in terms of coherent states. The
amplitude for a single 4-simplex σ is given by a product of contraction of coherent states for left
and right sectors, with the simplicity constraints imposed on the boundary spinors as follows
Aσ({zτ∆}) =
∫ [
dgLτ
]5 [
dgRτ
]5
e
∑
a,b∈τ ρ
2[zab |gL−1a gLb |zba〉+[zab |gR−1a gRb |zba〉 (23)
where τ is the set of tetrahedra labeled by a, b. To make the comparison of this imposition of
constraints to the one we will introduce in the next section, we notice that the DL model can be
rewritten as a contraction of a product of projectors PL(zi, w
L
i )PR(ρzi, w
R
i ),
PDL(zi;w
L,R
i ) =
∑
JL,JR
(∑
i<j [zi|zj〉[wLi |wLj 〉
)JL
JL!(JL + 1)!
(∑
i<j [zi|zj〉[wRi |wRj 〉
)JR
JR!(JR + 1)!
ρ2JR (24)
with wL and wR being two independent copies of spinors in the bulk, with no simplicity constraints
imposed on them. This is exactly the expression we hinted to in (21) and it describes a mapping
from the Spin(4) representation given by the spinors |wL〉 and |wR〉 into the SU(2) representation
given by the spinor |z〉 ≡ |zL〉. The gluing of 4-simplex amplitudes in this language requires a
product of two such projectors, giving a map Spin(4)→ SU(2)→ Spin(4), which can be graphically
represented as
|w
|w4
1
|zi |w'
|w'4
1
1 2
L,R
L,R
 L,R
L,R
, (25)
6where the tetrahedra 1 and 2 belong to different 4-simplices. Using this graphical notation, the
amplitude for a single 4-simplex then contains a double strands in the bulk corresponding to the
two copies of spinors |wL〉 and |wR〉, and a single copy on the boundary corresponding to the
spinors |z〉. This can be seen in Fig. 1.
FIG. 1: Graph for the 4-simplex amplitude in the DL model. The contractions inside correspond
to two copies of BF 20j symbols, constrained on the boundary.
2. Constrained propagator
Since spin foam amplitudes for BF theory are constructed from contractions of projectors (5) into
graphs corresponding to 4d quantum geometries, it is natural to impose the simplicity constraints
directly onto the projectors themselves and hence on all the labels of the coherent states. Let us
consider the Spin(4) projector obtained by taking a product of two SU(2) projectors
P (zRi ;w
R
i )P (z
L
i ;w
L
i ) =
∑
JL
(∑
i<j [z
L
i |zLj 〉[wLi |wLj 〉
)JL
JL!(JL + 1)!
∑
JR
(∑
i<j [z
R
i |zRj 〉[wRi |wRj 〉
)JR
JR!(JR + 1)!
(26)
where we use a prime to distinguish the left and right SU(2) sectors. We now impose the holomor-
phic simplicity constraints on both incoming and outgoing strands
[zLi |zLj 〉 = ρ2[zRi |zRj 〉 [wLi |wLj 〉 = ρ2[wRi |wRj 〉.
This makes the two products of spinors proportional to each other, with the proportionality con-
stant being ρ4, so we get that the constrained projector is given by
Pρ(zi;wi) =
∑
JL
∑
JR
ρ4JL
JR!(JR + 1)!JL!(JL + 1)!
∑
i<j
[zi|zj〉[wi|wj〉
JL+JR , (27)
where we have defined |w〉 ≡ |wR〉, |z〉 ≡ |zR〉. Note that by imposing the constraints, Pρ no longer
satisfies the projection property P ◦P = P , hence we will refer to it as the propagator. This is the
object we alluded to graphically in Eq. (22). We can simplify this expression into a single sum by
letting JL + JR → J to arrive at the most compact form of the constrained propagator
Pρ(zi;wi) =
∑
J
Fρ(J)
(∑
i<j [zi|zj〉[wi|wj〉
)J
J !(J + 1)!
(28)
7where we have recognized the power series expansion of the hypergeometric function
Fρ(J) ≡ 2F1(−J − 1,−J ; 2; ρ4) =
J∑
J ′=0
ρ4J
′
(J − J ′)!(J − J ′ + 1)!J ′!(J ′ + 1)! (29)
We can now notice that the constrained Spin(4) propagator is just an SU(2) projector with non-
trivial weights for each term that depend on the Barbero-Immirzi parameter. Note however that
the power of ρ in Eq.(27) tracks the homogeneity of the left and right SU(2) sectors and as such
preserves the Spin(4) invariance.
The imposition of simplicity constraints on all of the spinors has the additional effect of modi-
fying the measure of integration on C2
dµρ(z) :=
(1 + ρ2)2
pi2
e−(1+ρ
2)〈z|z〉d2z (30)
The partition function can now be constructed from these constrained propagators. In [20] we
proposed the amplitude
Z∆∗G =
∑
jf
∏
f∈∆∗
Af (jf )
∫ {∏
all
dµρ(z)dµρ(w)
} ∑
ke
ff ′∈Kj
∏
e
P
keij
ρ (z
e
i ;w
e
i ), (31)
where Af (jf ) is a face weight, the set Kj is the set of integers kij satisfying
∑
i 6=j kij = 2ji
and contraction of spinors according to the 2-complex ∆∗ on different edges e is implied. The
P
keij
ρ (zei ;w
e
i ) is a constrained propagator at fixed spins and it is given by
P
keij
ρ (z
e
i ;w
e
i ) :=
Fρ(Je)
(Je + 1)!
∏
i<j
([zei |zej 〉[wei |wej 〉)k
e
ij
keij !
. (32)
An example of an amplitude of two 4-simplices glued along one tetrahedron is shown in Fig. 2.
The main thing to note is that in this imposition of simplicity constraints, there is only one copy
of strands, corresponding to spinors |w〉, to be contracted in the bulk of the 4-simplex amplitude.
The boundary data is the same as in the DL model and is given by the single copy of spinors |z〉.
P1r P2r
z1i w1i z2i w
2
i
w1i z2i=
FIG. 2: Graph for the amplitude of contraction of two 4-simplices. Propagators P 1ρ and P
2
ρ
belong to two different 4-simplices. The spinors on the same strand are contracted according to
the orientation. For example, spinors w1i = zˇ
2
i .
8We thus see that the main difference between the two models is on the inside contraction in
the 4-simplex. In the constrained propagator model, the simplicity constraints are imposed on
both the boundary and the interior of the 4-simplex. In contrast, the standard approach is to have
simplicity imposed only on the boundary, with the interior of the 4-simplex contractions identical
to that of Spin(4) BF theory. The obvious worry one could have is that the constrained propagator
model is over-constrained and does not lead to General Relativity in the semi-classical limit. We
show in the next section however, that at least to the leading order, both models have the same
asymptotic behaviour.
III. ASYMPTOTICS
In this section we will calculate the asymptotics of the two models with different imposition of
simplicity constraints. First we show that the Dupuis-Livine model indeed has the same asymptotic
behaviour as the EPRL-FK models. We then show that there are non-trivial cancellations in the
asymptotic expansion of the constrained propagator model that lead to the same semi-classical
limit as the DL model.
3. The dihedral angle
Before we calculate the asymptotic expansion of the Spin Foam amplitudes, we have to un-
derstand how to reconstruct from our data the angle appearing in the classical area-angle Regge
action [38]:
SRegge =
∑
a<b
Aabξab, (33)
where Aab is the area of face shared by tetrahedra a and b, which share a common face with each
other, and ξab is the 4-d dihedral angle, which is the angle between the two 4-vectors Na,Nb normal
to the two tetrahedra a, b.
We can find the expression for the 4-d dihedral angle using Eq. (18) from the section on
simplicity constraints:
cos(ξab) = Na · Nb
=
1
2
tr
[
g−1a · gb
]
=
1
2
tr
[
g−1b · ga
] (34)
Using the expression of eq.(13), we can write the cosine of dihedral angle in terms of spinors,
cos(ξab) =
[zaiR|zbjR〉〈zbjL|zaiL] + 〈zaiL|zbjL〉〈zbjR|zaiR〉+ c.c.
2 |zaiL||zaiR||zbjL||zbjR|
(35)
From the above two expressions, we can see that to decide the cosine of the dihedral angle ξab, we
need the data of two group elements associated with two nodes (tetrahedra), or the data of both
left and right spinors of any one strand from each of the two tetrahedra. In summary,
{ga, gb} → cos(ξab), or {zaiR, zaiL, zbjR, zbjL} → cos(ξab) ∀i ∈ a,∀j ∈ b
Let us recall additionally, that the models we consider have Spin(4) symmetry, so we can rotate
these results by a Spin(4) transformation G = (gL, gR).
94. The asymptotics of DL model
An apparent difference between the holomorphic simplicity constraints and the ones in Euclidean
EPRL/FK models is that they are constraints on spinors. However, they lead to the same constraint
between spins,
〈zL|zL〉 = jL = ρ2jR = ρ2〈zR|zR〉 (36)
for the coherent intertwiners in the large |z| limit [19]. In this section, we briefly show that for
the amplitude of a 4-simplex, the DL model has the same action at critical points as EPRL/FK
models for Barbero-Immirzi parameter γ < 1.
We can rewrite the amplitude (23) of a 4-simplex σ by expanding it in power series as
Aσ =
∫ ∏
a<b
dgL,Ra,b e
ρ2[zab |gL−1a gLb |zba〉+[zab |gR−1a gRb |zba〉
=
∫ ∏
a<b
dgL,Ra,b
∑
jL,Rab
(
ρ2[zab |gL−1a gLb |zba〉
)2jLab ([zab |gR−1a gRb |zba〉)2jRab
(2jLab)!(2j
R
ab)!
.
(37)
Now that we have made the summation over spins explicit, we can re-exponentiate this expression
to get the effective action of a 4-simplex amplitude Aσ =
∑
jL,Rab
∫ ∏
a dg
L,R
a eSeff (j
L,R
ab ) with
Seff (j
L,R
ab ) =
∑
a,b∈σ
2jLab ln[z
a
b |gL−1a gLb |zba〉+ 2jRab ln[zab |gR−1a gRb |zba〉+N. (38)
where the numerical factor N is given by
N =
∑
a,b∈σ
4jLab ln ρ− ln(2jLab)!− ln(2jRab)! (39)
It is important to note that this action is complex-valued. To study the asymptotic behaviour of
the amplitude, we have to separate the real and imaginary parts. The real part of the action is
ReSeff (j
L,R
ab ) =
∑
a,b∈σ
jLab ln
1
2
(|zab |2 |zba|2 − (gLa . ~V ab ) · (gLb . ~V ba ))+
+ jRab ln
1
2
(|zab |2 |zba|2 − (gRa . ~V ab ) · (gRb . ~V ba )) +N.
(40)
In the asymptotic analysis of complex functions the main contribution to the integral comes from
critical points, which are stationary points of the action for which the real part is maximized. The
critical point equations we get from variation of spinors |z〉 are the closure constraints∑
b 6=a
|zab 〉〈zab | =
∑
b 6=a
jRab1 (41)
and the orientation condition requiring certain vectors to be anti-parallel, which we get from the
maximization of the real part of the action:
gLa . vˆ
a
b = −gLb . vˆba, gRa . vˆab = −gRb . vˆba, where vˆ = ~V /|~V |. (42)
Using the relation (14) between vectors and spinors, we find that these conditions imply that the
action of group elements on a spinor zba rotates it up to a phase into zˆ
a
b :
gL−1a g
L
b |zba〉 = eiφ
ab
L |zab ], gR−1a gRb |zba〉 = eiφ
ab
R |zab ]. (43)
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This implies that the following identity holds
gR−1b g
R
a g
L−1
a g
L
b |zba〉 = eiφ
ab
L −φabR |zba〉. (44)
The reconstruction theorem from [23] tells us now that given non-degenerate boundary data
satisfying the closure constraint (41) and a set of group elements gL,Ra ∈ SU(2), a = 1, . . . , 5 solving
the orientation condition (42), we can reconstruct a geometric 4-simplex with the B field given by
Bab = ±(jRab + jLab)(gLa , gRa ) . (vab , vab ), (45)
with the outward-pointing normal Na obtained by acting with the Spin(4) element (gLa , gRa ) on the
vector Na = (1, 0, 0, 0).
At this point, it is clear that the critical action of DL model is exactly the same as the one
calculated in the asypmptotic analysis of the EPRL model in [23], and the imaginary part of the
action reads
ImSeff (j
L,R
ab ) =
∑
a,b∈σ
2jLabφ
ab
L + 2j
R
abφ
ab
R =
∑
a,b∈σ
kab(φ
ab
L + φ
ab
R ) + γkab(φ
ab
R − φabL ), (46)
where kab = j
L
ab + j
R
ab. To relate this to the area-angle Regge action, we have to relate the φ’s to
the dihedral angle. We cannot directly use our expression in Eq. (35) for the dihedral angle, since
we no longer have the information about both the left and right spinors. We can however use the
result of the reconstruction theorem from the Eq.(45) to construct the dihedral angle by the data
{gRa gL−1a , gRb gL−1b } as follows
cos(ξab) = Na · Nb
=
1
2
Tr
[
gRa g
L−1
a · gLb gR−1b
] (47)
Notice however that we can obtain the same trace from the Eq. (44), which tells us that we can
identify the cosine between the phase (φabL − φabR ) and the dihedral angle ξab
cos(φabL − φabR ) = cos(ξab). (48)
In [23] it has been shown explicitly that the phase difference (φabR − φabL ) and the dihedral angle
ξab can be identified up to a ± sign, which is due to the relative orientation of the bivector and
4-simplex. The angle (φabL + φ
ab
R ) can be shown to be proportional to 2pi [23].
Hence the semi-classical limit of the Dupuis-Livine model is the same as the EPRL-FK models
and is given by the action
S =
∑
a,b∈σ
γkabξab. (49)
Since in Loop Quantum Gravity the spectrum of the area operator is given by Aj = γ
√
j(j + 1),
in the large spin limit we have obtained exactly the area-angle Regge action [31, 38].
5. The asymptotics of constrained propagator model
Let us now finally show that the constrained propagator model also leads to the same semi-
classical limit as the EPRL-FK models. We first have to rewrite the amplitude in terms of group
variables. Recall that we can write an SU(2) propagator as
P (zi;wi) =
∫
SU(2)
dg e
∑
i[zi|g|wi〉 (50)
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Thus taking two copies of such projectors and constraining them both in the |w〉 and in the |z〉
spinors, we get that the constrained propagator (28) can be written as
Pρ(zi;wi) =
∫
SU(2)L×SU(2)R
dgLdgRe
∑
i[zi|gR+ρ2gL|wi〉. (51)
The 4-simplex amplitude is now just a simple contraction of 5 such propagators. To compare it
however to the amplitude in the DL model, we have to perform the integrate out the |wi〉 spinors
in order to have the same number of variables. After the |wi〉 integration, the amplitude becomes
A˜σ =
∫ ∏
a
dgL,Ra e
(1+ρ2)−1[zab |(gR−1a +ρ2gL−1a )(gRb +ρ2gLb )|zba〉. (52)
We can see that there is a mixing between left and right sectors – while in the DL model the
left and right group elements gL, gR are multiplied separately as in Eq.(37), here the relevant
group elements become a combination (gR + ρ2gL). Expanding this in a power series it would
seem we would get four independent terms. However, since in the large z limit the holomorphic
simplicity constraints imply that we have jL = ρ2jR, one can show that only three summations
are independent, so the amplitude can be written as
A˜σ =
∫ ∏
a
dgL,Ra
∑
jL,Rab ,Jab
([zab |gR−1a gRb |zba〉)2j
R
ab−2Jab
(2jRab − 2Jab)!
(ρ4[zab |gL−1a gLb |zba〉)2j
L
ab−2Jab
(2jLab − 2Jab)!
×
× (ρ
2[zab |gR−1a gLb |zba〉)2Jab
(2Jab)!
(ρ2[zab |gL−1a gRb |zba〉)2Jab
(2Jab)!
(1 + ρ2)−2(j
L
ab+j
R
ab),
(53)
with the the spins satisfying
jRab ≥ Jab, jLab ≥ Jab. (54)
This means that the mixed left-right terms never overtake the pure left and right sectors. For the
details of this calculation, see the Appendix.
We thus get that the effective action of the constrained propagator model for a single 4-simplex
is simply
S˜eff (j
L,R
ab , Jab) =
∑
a,b∈σ
2(jRab − Jab) ln[zab |gR−1a gRb |zba〉+ 2(jLab − Jab) ln[zab |gL−1a gLb |zba〉
+2Jab ln[z
a
b |gR−1a gLb |zba〉+ 2Jab ln[zab |gL−1a gRb |zba〉︸ ︷︷ ︸
mixed
+N˜ ,
(55)
where the numerical factor N˜ carries all the normalization factors and is a function of the different
spins and ρ given by
N˜ =
∑
a,b∈σ
8jLab ln ρ− 2(jLab + jRab) ln(1 + ρ2)− ln(2jLab − 2Jab)!− ln(2jRab − 2Jab)!− 2 ln(2Jab)! (56)
We can see that compared with the DL model, the effective action of the constrained propagator
model has two additional terms which are underbraced and an additional spin Jab. Nonetheless,
we again obtain the closure equation from the variation of spinor |z〉,∑
b 6=a
|zab 〉〈zab | =
∑
b 6=a
jRab1. (57)
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To see how these additional terms change the asymptotics, let us examine the terms in the real
part of this action
(jLab − Jab) ln
1
2
(
|zab |2|zba|2 − (gLa . ~V ab )·(gLb . ~V ba )
)
+ (jRab − Jab) ln
1
2
(
|zab |2|zba|2 − (gRa . ~V ab )·(gRb . ~V ba )
)
+ Jab ln
1
2
(
|zab |2 |zba|2 − (gRa . ~V ab ) · (gLb . ~V ba )
)
+ Jab ln
1
2
(
|zab |2 |zba|2 − (gLa . ~V ab ) · (gRb . ~V ba )
)
+ N˜ .
(58)
At the critical points, we also require the real part of the effective action to be maximized. Since the
real part of the action can be written as ReS˜eff = SLL +SRR +SRL +SLR and all the coefficients
in front of the logarithms are positive, the maximization condition implies that all the four terms
have to be maximized independently. Thus the following critical equations substitute the Eq.(42)
in DL model,
gLa . vˆ
a
b = −gLb . vˆba = gRa . vˆab = −gRb . vˆba, where vˆ = ~V /|~V |. (59)
When written in terms of spinors |z〉 and |z], this means that apart from the spinorial orientation
condition in Eq.(43),
gL−1a g
L
b |zba〉 = eiφ
ab
L |zab ], gR−1a gRb |zba〉 = eiφ
ab
R |zab ],
relating |zba〉 to |zab ] up to a phase, we also have two additional phases ψ and θ appearing between
the mixed left-right terms
gL−1a g
R
b |zba〉 = eiψ
ab |zab ], gR−1a gLb |zba〉 = eiθ
ab |zab ]. (60)
Let us now plug in the critical point equations (43) and (60) into the the effective action to find
the semi-classical behaviour of the amplitude. The imaginary part of the effective action becomes
a function of three spins and four angles, given by
ImS˜eff (j
L,R
ab , Jab) =
∑
a,b∈σ
2(jLab − Jab)φabL + 2(jRab − Jab)φabR + 2Jab(ψab + θab) (61)
At first sight this is quite different from the effective action of the DL model, with two extra angles
and an additional spin label to sum over. Let us notice however, that using the critical point
equations (43) and (60), we can get the relation
gL−1b g
R
b |zba〉 = ei(ψ
ab−φabL )|zab ] = ei(φ
ab
R −θab)|zab ]. (62)
This condition implies that the additional angles ψ and θ we had to introduce are actually related
to the angles φL and φR by
ψab + θab = φabL + φ
ab
R mod 2pi. (63)
This is exactly the combination of angles that allows us to drop the terms proportional to Jab in
the action. Hence we have that the imaginary part of the effective action is exactly the same as
the one in DL model,
ImS˜eff (j
L,R
ab , Jab) =
∑
a,b∈σ
2jLabφ
ab
L + 2j
R
abφ
ab
R = ImSeff (j
L,R
ab ) (64)
The rest of the asymptotic analysis of this action carries over in exactly the same way, as in
the EPRL-FK models. Thus we have proved that the constrained propagator model has in the
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asymptotic expansion the same effective action as the DL model, which in turn has the same
semi-classical limit as the EPRL-FK models.
It is important to note here that in the case of both of the models we have not performed the full
asymptotic analysis, which would require the calculation of the Hessian, as it is not necessary for
establishing that the models are described by Regge Calculus in the semi-classical limit. We expect
that where the two models show differences is exactly in the Hessian and the overall normalization
as well as possibly in the higher order terms in the asymptotic expansion.
IV. CONCLUSIONS
In this article we have studied the asymptotic expansion of 4-simplex amplitudes for the DL
Spin Foam model and the newly introduced constrained propagator model. In the large |z| limit
(corresponding to the usual large-j limit in the spin representation) we have found that the DL
model has the same first order expansion as the EPRL-FK Riemannian model. We have also
shown that the constrained propagator model has a different amplitude for a 4-simplex, which
however agrees with the DL model’s one on-shell. We expect the differences to show up in the
Hessian matrix and in the higher order terms. Hence both models lead to Regge Calculus in the
semi-classical limit.
The results obtained here prove the statements made in [20] and justify the use of the constrained
propagator model. Compared to the DL model, the calculations are simplified greatly when done
in terms of spinors (with the group elements integrated out), due to the smaller number of internal
strands. Since the models based on the linearized simplicity constraints have the same leading
semi-classical behaviour, one needs a different criterion for choosing which model to work with. An
obvious one is simplicity and usability – using the technique of the homogeneity map introduced in
[20], the calculations of Spin Foam amplitudes are finally tractable. Another criterion could be the
divergence properties of the model. Naively, one could expect the more constrained model to be
less divergent. Using the homogeneity map actually allows us to calculate exactly the divergence
of an arbitrary Spin Foam amplitude in the constrained propagator model [39].
An intriguing question is the extension of these results to the Lorentzian case. The big challenge
to a trivial extension is the fact, that there is no known unitary holomorphic representation of the
SL(2,C) group. This means that there is no obvious way of rewriting integrals of Wigner matrices
into Gaussians. However, one could explore the possibility of adapting the homogeneity map to
some other functions that have the orthogonality property. Moreover, the holomorphic simplicity
constraints have been rewritten in a similar way for the Lorentzian case [18], using twistors instead
of spinors, so defining a constrained propagator model for SL(2,C) seems to be a possibility. We
leave this construction to future research.
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Appendix A: The 4-simplex amplitude for the constrained propagator model
This appendix shows that in the constrained propagator model, the amplitude for a 4-simplex
can be indeed written as (53). Starting from the constrained propagators (51), we can straigh-
forwardly get that the spin foam amplitude for a single 4-simplex in the constrained propagator
model is given by
A˜σ =
∫ ∏
a
dµρ(w
a
b )dg
L,R
a e
τabR[w
a
b |gRa |zab 〉+τbaR〈wab |gRb |zba〉+τabLρ2[wab |gLa |zab 〉+τbaLρ2〈wab |gLb |zba〉 (A1)
where we have added a collection of τ ’s which all have trivial values 1. However, under Taylor
expansion, the power of τ gives the homogeneity of the corresponding term. For example, the first
term in the exponent becomes
∑
jRa
(τabR[w
a
b |gRa |zab 〉)2j
R
a
(2jRa )!
. (A2)
We get similar expressions for all the different τ ’s, which are raised to the appropriate powers in
their series expansions,
(τabR)
2jRa , (τabL)
2jLa , (τ baL)
2jLb , (τ baR)
2jRb . (A3)
The reason for temporarily introducing these factors of τ is that before we continue with the
asymptotics, we have to reduce the action to the same number of variables, as in the DL model’s
one. To do this we have to integrate out the auxilliary contracting spinors wba. We will see however,
that this produces a mixing between the different spins, so the factors of τ keep track of the spin
information. After the |w〉 integration, the amplitude becomes
A˜σ =
∫ ∏
a
dgL,Ra e
(1+ρ2)−1[zab |(τabRgR−1a +ρ2τabLgL−1a )(τbaRgRb +ρ2τbaLgLb )|zba〉. (A4)
Expanding this expression in a power series we get again four terms, but with different expansion
coefficients:
A˜σ =
∫ ∏
a
dgL,Ra
∑
ji
([zab |τabRτ baRgR−1a gRb |zba〉2j1(ρ4[zab |τabLτ baLgL−1a gLb |zba〉)2j2×
× (ρ2[zab |τabRτ baLgR−1a gLb |zba〉)2j3(ρ2[zab |τ baRτabLgL−1a gRb |zba〉)2j4)/
∏
i
(2ji)!(1 + ρ
2)2ji .
(A5)
By comparing the coefficients of the power expansion of the different τ ’s in Eq. (A3) and (A5), we
find that ji and ja,b;L,R are related by the following set of equations:
j1 + j3 = j
R
a
j1 + j4 = j
R
b
j2 + j4 = j
L
a
j2 + j3 = j
L
b .
(A6)
Note now that in the large z limit the holomorphic simplicity constraints imply that we have
(jLa , j
L
b ) = ρ
2(jRa , j
R
b ), which allows us to eliminate one of the spins and leads to an important
relation for the asymptotic analysis:
j3 = j4, j
R
a = j
R
b := j
R
ab, j
L
a = j
L
b := j
L
ab (A7)
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In the main text we define Jab ≡ j3. After the τ ’s have completed their mission, we can discard
them by setting their values back to 1. Thus we have proved that the amplitude is indeed (53).
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